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Dynamical Origin of Duality between Gauge Theory and Gravity
Akiko Noguchi and Akio SUGAMOTO
Department of Physics and Graduate School of Humanities and Sciences,
Ochanomizu University, Tokyo 112-8610, Japan
Dynamical origin of duality between gauge theory and gravity is studied using the dual transformation and the
formation of graviton as a collective excitation of dual gauge bosons. In this manner, electric-magnetic duality in
gauge theory is reduced to the duality between gauge theory and gravity.
1. Gravity as collective excitation of
dual gauge fields
We are very happy to submit this paper to the special
issue of Gravitation and Cosmology on the occasion of
70 years anniversary of Faculty of Physics and Mathe-
matics of Tomsk State Pedagogical Univsesity.
It is popular now that by the AdS/CFT correspon-
dence developed by J. Maldacena [1], gauge theory and
gravity become dual with each other. In other words,
the strong coupling regime of the former theory corre-
sponds to the weak coupling regime of the latter, and
vice versa. In this corresponcence D-branes and extra
dimension play essential roles. This AdS/CFT corre-
spondece may be considered within the context of the ’t
Hooft-Mandelstam duality [2].
In the late 70’s and the early 80’s, similar corre-
spondence was known in which the closed string theory
(with the Kalb-Ramond field as a gauge field of string)
is dual to the gauge theory (being massive with or with-
out Higgs field), and the extension of membranes is also
considered [3, 4, 5, 6].
Malcacena’s AdS/CFT correspondence is, of cource,
the more sophisticated, and provides an extremely pow-
erful tool in studying the realistic hadron physics in
QCD. Examples of such study can be found in a review
article [7] and in a recent study of pentaquark baryons
using the AdS/CFT correspondence [8].
In this paper, we study an origin of the dualiy be-
tween gauge theory and gravity (AdS/CFT) within the
local field theory using the old-fashioned duality.
The idea which our study is based on is as follows.
Starting from a gauge theory and applying a dual trans-
formation to it, we obtain a dual theory. (We may start
from a manifestly self-dual theory also.) If the gauge
coupling of the original theory is e , then the gauge cou-
pling of the dual theory is g = 2π/e . When e is small,
g is large, so that bound states (or collective excita-
tions) are formed in the dual theory by the exchange of
strongly coupled dual gauge bosons. Among them we
have a graviton as the collective excitaion of dual gauge
bosons. Then, the graivity theory becomes dual to the
original gauge theory, since the former is the low energy
manifestation of the dual gauge theory in the strong
coupling regime.
This idea is quite consistent with the fact that in
string theories, a gauge boson is represented by an open
string’s mode, while a graviton is by a closed string’s
mode, so that a closed string can be considered as a
bound state of two open strings.
We examine this idea in the usual U(1) gauge the-
ory, and also in its manifestly self-dual formulation by
Zwanziger [9]. More detailed description of this paper
can be found in the master theis written by one of the
authors (A.N.) [10]
2. Duality between U(1) gauge theory
and gravity
We start from the U(1) gauge theory with a coupling
e . The parition function of this theory reads,
Z[J ] ∝
∫
DAµ exp
{
i
∫
d4x
[
−e
2
4
FµνF
µν
+
1
2
FµνJ
µν
]}
, (1)
where Fµν = ∂µAν − ∂νAµ is the field strength of the
gauge field Aµ , and J
µ is an external source.
Using an auxilliary field Wµν , the partition function
becomes [3, 4],
Z[J ] ∝
∫
DAµ
∫
DWµν
× exp
{
i
∫
d4x
[
−e
2
4
WµνW
µν +
1
2
W˜µνF
µν
+
1
2
FµνJ
µν
]}
, (2)
where
W˜µν =
1
2
ǫµνλρW
λρ, (ǫ0123 = −ǫ0123 = 1). (3)
Path integration over Aµ leads (1) to∫
DBµ exp
{
i
∫
d4
[
− 1
4g2
GµνG
µν +
1
2
G˜µνJ
µν
+
1
2
JµνJ
µν
]}
, (4)
where Gµν ≡ ∂µBν − ∂νBµ is the field strenght of the
dual gauge field Bµ , and eg = 2π holds.
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The method to obtain the action of a bound state
as a collective excitaion was known in the Nambu-Jona-
Lasinio model, and in the gauge and gravity models [11,
12].
In order to keep the general covariance, the method
proposed by Akama in [13], using the dimensional reg-
ularization, is very useful. To introduce the graviton
into the free Lagrangian of the dual gauge fields in (4)
as a collective excitation of gauge bosons, the original
Lagrangian,
L(0) = − 1
4g2
GµνG
µν , (5)
is to be modified general covariantly, by introducing a
background metric gµν(x) as the collective coordinate
of graviton. Then, we obtain
L(1) = − 1
4g2
√
ggµλgνρGµνGλρ. (6)
If the meric is expanded around the flat space,
gµν = ηµν + hµν , (7)
the fluctuation hµν describes a graviton excitation.
Next task is to eliminate the original dual gauge
fields by path integration. Then, we obtain the effec-
tive action of gravity which is the low energy effective
theory of the dual gauge theory. This is not difficult to
perform. Follwoing Akama, we arrive at
Leff =
√−g
[
−1
2
Λ4 − 1
8π
Λ2R
− 1
480π2
ln Λ2(R2 − 3RµνRµν)
]
, (8)
where Λ is the ultraviolet cutoff. Here, the Newton
constant is negative, giving the repulsive gravitational
interaction, but this can be remedied by introducing a
number of dual fermions and scalars into the theory.
The important relation given by Terazawa et al.
in [13] between the Newton constant and the fine struc-
ture constant, is to be modified, since in the present
context, the graviton is the collective excitaion not of
the usual gauge bosons, scalar and fermions, but of the
”dual”gauge bosons, scalars and fermions. Therefore,
the fine structure constant α , and the number of fields
are to be replaced by the dual couping constant α˜ , and
the number of the dual fields, respectively. Here, α and
α˜ are inversely related, following αα˜ = 1/4.
Green functions of the original gauge theory, those
of the dual gauge theory and those of the dual gravity
theory are related as follows:
〈Fµν(x)Fλρ(y) · · ·〉original gauge
=
1
g2
〈G˜µν(x)G˜λρ(y) · · ·〉dual gauge (9)
+
1
2g2
δ(4)(x− y)(ηµληνρ − ηµρηνλ〈· · ·〉dual gauge.
〈 1
g2
Gµν(x)Gλρ(y) · · ·〉dual gauge (10)
= 〈−Pαµν(x)O−1αβ (x, y)P βλρ(y) · · ·〉dual gravity,
where the operators in the dual gravity theory are given
by
Pαµν = ∂β
√−gPαβµν , (11)
Oαβ = ∂γ
√−gPαγβδ ∂δ, (12)
Pµν,αβ = gµ[αgνβ] − gν[αgµβ]. (13)
These relations give the dual correspondence between
the gauge theory and the gravity in terms of the corre-
sponding Green functions.
3. Duality between Zwanziger’s U(1)
gauge theory and closed string
theory
The Zwanziger’s model is the manifestly self-dual for-
mulation of U(1) gauge theory [9].
If we introduce the collective coordinate of exciting
graviton into the Zwanziger’s action, we obtain
SZW =
∫
d4x
(
−1
2
nµnλ
√−ggνρ
)
×
(
FµνFλρ +GµνGλρ + iFµνG˜λρ − iGµνF˜λρ
)
.(14)
Here, a constant unit vector nµ denotes the direction
of Dirac strings which are assumed to be frozen in time,
being displayed in parallell, and
Fµν = ∂µAν − ∂νAµ, (15)
Gµν = ∂µBν − ∂νBµ, (16)
F˜µν =
1
2
εµνλρF
λρ. (17)
What we have to do next is to eliminate the gauge
fields Aµ and Bµ by path integration. Before doing this,
it is better to modify the frozen direction nµ of the Dirac
string to be the dynamical coordinate of string. For this
purpose, we perform the following replacement;
nµnν →
∫
dτdσ
[(
∂Xµ
∂τ
)2
−
(
∂Xν
∂σ
)2]
, (18)
where Xµ(τ, σ) represents the world sheet of the Dirac
string, parametrized by two parameters, τ and σ . To
eliminate the gauge fields Aµ and Bµ , the axial gauge
fixing and its Feynman rules are useful [16].
Then, we obtain the lowest non-trivial action for the
dynamical Dirac string;
Seff = C0Λ
4
∫
d4x
∫
dτdσ
√−ggµν(X(τ, σ))
×
[(
∂Xµ
∂τ
)2
−
(
∂Xµ
∂σ
)2]
. (19)
This action describes the dynamics of Dirac string mov-
ing in the curved background space, and gives, at the
same time, the dual theory of the U(1) gauge theory.
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4. Non-Abelian theory
To carry out the dual transformation in non-Abelian
gauge theories, one method is to follow [3, 5]. So far
this was a rather complicated method, but very re-
cently a new mathematical concept is introduced into
this method [14]. This new direction is expected to give
the clearer understanding of the non-Abelian dual trans-
formation.
The other method is to use the non-local loop vari-
ables from the beginning [15, 16]. In this context, the
non-Abelian Zwanziger type action is also known [16]
SNAZW =
− 1
4π
∫
Dξµ(s)ds{(ξ˙µ(s)Fµν(x))(ξ˙λ(s)Fνλ(x))ξ˙−2
+(ξ˙µ(s)Gµν(x))(ξ˙
λ(s)Gνλ(x))ξ˙
−2
+(ξ˙µ(s)Fµν(x))(ξ˙
λ(s)G˜νλ(x))ξ˙
−2
+(ξ˙µ(s)Gµν(x))(ξ˙
λ(s)F˜νλ(x))ξ˙
−2}, (20)
where ξµ(s) represents the direction of string and sum
over the string’s shape
∫ Dξµ(s) is introduced. The
tilde here represents the ”dual”, but is not the simple
”Hodge dual” in this non-Abelian case.
It is an intereting problem to derive the dual gravity
theory, starting from this non-Abelinan Zwanziger type
action.
[Note added] In the non-Abelian duality, we have to
refer to the pioneering works by M. B. Halpern, Phys.
Rev. D16, 1798 (1977); i.b.d. D16, 3515 (1977); i.b.d.
D19, 517 (1979), in addition to [5].
Acknowledgement
One of the authors (A.S.) gives his sincere thanks to
Professor Y. Nambu for valuable discussions on the basic
idea of this paper in the summer of 2002 in Chicago. He
is also grateful to Rector Obukhov and Sergei Odintsov
of Tomsk State Pedagogical University for promoting
international excahnge program and collaborations.
References
[1] J. Maldacena, Adv. Theor. Math. Phys. 2, 231 (1998).
[2] S. Mandelstam, Phys. Rev. D11, 3026 (1975);
G. ’t Hooft, Nucl. Phys.B138, 1 (1978).
[3] Y. Nambu, Phys. Rev. D10, 4262 (1974);
Y. Nambu, in Quark Confinement and Field Theory,
eds. D.R.Stump and D.H.Weingarten (John Wiley and
Sons), 1 (1977).
[4] A. Sugamoto, Phys. Rev. D19, 1820 (1979 );
K. Seo and A. Sugamoto, Phys. Rev. D24, 1630 (1981).
[5] K. Seo, M. Okawa, and A. Sugamoto, Phys. Rev. D19,
3744 (1979);
K. Seo and M. Okawa, Phys. Rev. D21, 1614 (1980);
D. Z. Freedman and P. Townsend, Nucl. Phys. B177,
282 (1981);
S. Ansoldi, A. Aurilia, L. Marinatto, and E. Spallucci,
Prog. Theor. Phys. 103, 1021 (2000);
K. Furuta, T. Inami, H. Nakajima, and M. Nitta, Prog.
Theor. Phys. 106, 851 (2001).
[6] P. A. Collins and R. W. Tucker, Nucl. Phys. B112, 150
(1976) ;
P.S. Howe and R.W. Tucker, J. Phys.A10, L155 (1977);
A. Sugamoto, Nucl. Phys. B215, 381 (1983) (”the the-
ory of p-branes” in the present terminology);
A. Sugamoto, lecture given at Kashikojima Summer In-
stitute, [hep-th/9611051] (1996);
B. de Wit, J. Hoppe and H. Nicolai, Nucl. Phys. B305,
545 (1988).
[7] O. Ahorony et al., Phys. Rep. 323, 183 (2000).
[8] M. Bando, T. Kugo, A. Sugamoto and S. Terunuma,
hep-ph/0405259, to be pubished in Prog. Theor. Phys.;
A. Sugamoto, hep-ph/0404019.
[9] D. Zwanziger, Phys. Rev. D3, 343, 880 (1971).
[10] Akiko Noguchi, Master thesis (0chanomizu University),
March (1994).
[11] Y. Nambu and G. Jona-Lasinio, Phys. Rev. 122, 345
(1961); i.b.d. 124, 246 (1961).
[12] T. Eguchi and H. Sugawara, Phys. Rev. D10, 4257
(1974);
K. Kikkawa, Prog.Theor.Phys. 56, 947 (1976);
T. Kugo, Prog. Theor. Phys. 55, 2032 (1976);
T. Saito and Shigemoto, Prog. Theor. Phys. 57, 242
(1977).
[13] H. Terazawa, Y. Chikashige, K. Akama and T. Matsuki,
Phys. Rev. D15, 480, 1181 (1977);
K. Akama, Phys.Rev. D24, 3073 (1981).
[14] A. Lahiri, Mod. Phys. lett. A17, 1643 (2002); J. Phys.
A35, 8779 (2002);
M. B. Cantcheff, hep-th/0211239; hep-th/0212180
(2002); hep-th/0310156 (2003).
[15] Chan Hong-Mo and T.S.Tsun, Phys. Rev. D52, 6134
(1995), i.b.d. D56, 3646 (1997); i.b.d. D53, 7293
(1996).
[16] L. V. Laperashvili, H. B. Nielsen, Mod.Phys.Lett. A14,
2797 (1999);
L. V. Laperashvili, hep-th/0211227 (2002).
